This paper is concerned with the global existence and exponential stability of solutions in H 4 for the compressible Navier-Stokes equations with the cylinder symmetry in R 3 when the initial total energy is sufficiently small. Moreover, the global existence and exponential stability of the classical solution can be also derived.
Introduction
In this paper, we establish the global existence and exponential stability of solutions in H 4 for the compressible Navier-Stokes equations with the cylinder symmetry in R 3 . We assume that the corresponding solutions depend only on the radial variable r ∈ G = {r ∈ R + , 0 < a < r < b < +∞} and the time variable t ∈ R + = [0, +∞). The equations now take the following form (see [3, 7] ): The velocity vector V = (u, v, w), where u, v, w are given by the radial, angular and axial velocities, respectively. We consider P = γρθ and μ 0 and 3λ + 2μ 0 (ν = λ + 2μ) (see [3, 7] ). The parameters γ , C V , κ, λ > 0 and μ 0 are physical constants. We consider Eqs. (1.7)
We find it convenient to transfer problems ( (1.19 ) . (1.22) Now let us recall some related results in the literature. In the one-dimensional case, for the initialboundary value problems in bounded domains it is known that, for arbitrary large datum, a unique global solution exists and converges (exponentially) to a steady state as time goes to infinity (see [1, 4, 10, 11] ) and the global existence, asymptotic behavior and exponential stability of solutions in nonlinear thermoviscoelasticity have been proved (see [12, 16, 23, 25, 26] ). In [13] [14] [15] [17] [18] [19] 21] , Qin proved the global existence, asymptotic behavior, exponential stability and universal attractor of solutions for a nonlinear one-dimensional heat-conductive viscous real gas. In [30] , Zheng and Qin discussed the maximal attractor for the system of one-dimensional polytropic viscous ideal gas. In two or three dimensions, the global existence and large-time behavior of smooth solutions to the equations of a viscous and heat-conductive polytropic ideal gas in general domains have been investigated only for sufficiently small smooth initial data (see [2, 3, [7] [8] [9] ). Particularly, the exponential decay of global smooth solutions with small initial data has been established in the general domains (see [8, 9] ), while in the present paper, we do not need the smallness of the initial density ρ 0 (we only need the smallness of the initial total energy which does not include the initial density ρ 0 ). This is a new ingredient of the paper. For the spherically symmetric motion of a viscous and heat-conductive polytropic ideal gas in an annular bounded domain or in an exterior domain the global existence and uniqueness and universal attractor of generalized solutions for arbitrary large initial data have been proved in [5, 6, 20, 22, 31] . In [22] , Qin proved the exponential stability of spherically symmetric solutions in H 4 for the Navier-Stokes equations of compressible and heat-conductive fluid in bounded annular domains in R n (n = 2, 3). In [3] , Frid and Shelukhin established the global existence in H 1 of solutions to problem (1.1)-(1.7) of the compressible fluids for the flows with the cylinder symmetry. This model was dealt with in [7] . Moreover, we would like to mention those works in [27] [28] [29] . In [24] , Qin proved the exponential stability in H 1 and H 2 of global weak solutions to the compressible Navier-Stokes equations with the cylinder symmetry in R 3 when the initial total energy (which does not include the initial density ρ 0 ) is sufficiently small. Based on the results in [24] , this paper further discusses the global existence and exponential stability of solutions in H 4 which implies the global existence and exponential stability of classical solutions. It is noteworthy that the circular coaxial cylinder symmetric domain in R 3 is an unbounded domain. However, under our assumptions made by Landau and Lifshitz [7] that our solutions depend only on one spatial variable r ∈ G = {r ∈ R + : 0 < a r b}, the related domain G to equations is a bounded domain. Moreover, there are some essential differences between our results and those results of Matsumura and Nishida [8, 9] in the following aspects: the circular coaxial cylinder symmetric unbounded domain via the general bounded domain; the small total initial energy (not including the initial density ρ 0 ) via the small smooth initial data; the weak solutions via the smooth solutions.
Moreover, it seems that Eqs. (1.1)-(1.7) and constitutive relations are more complicated than those in [22, 31] for a spherically symmetric ideal gas and in [14, 15, [17] [18] [19] 21 ] for a viscous heat-conductive real gas, so some mathematical difficulties have to be overcome and more delicate estimates should be exploited.
Now we study problem (1.14)-(1.20) (where L > 0 is fixed), let
The notation in this paper will be as follows:
denotes the norm in the space B; we also put · = · L 2 . We denote by C k (I, B), k ∈ N 0 , the space of k-times continuously differentiable functions from I ⊆ R into a Banach space B. Subscripts t and x denote the (partial) derivatives with respect to t and x, respectively. We use C i (i = 1, 2, 4) to stand for the generic constant depending only on the
Our main results in this paper read as follows:
the following estimates hold,
(1.27) 
(1.29) 
(1.30) 
1)
3) 
Proof. See, e.g., Qin [24] 
and there exist constants C 2 > 0 and
(2.8)
Proof. See, e.g., Qin [24] . 2
Proof. Differentiating (1.15) with respect to x, we have
Using the Gagliardo-Nirenberg inequality and the Young inequality, we have
Using Lemmas 2.1-2.2 and a simple calculation, we obtain
Thus, we have u tx
By Lemmas 2.1-2.2 again, we have u tx
Differentiating (1.15) with respect to x twice, using Lemmas 2.1-2.2 and the Gagliardo-Nirenberg inequality and the Young inequality, we have u txx
Differentiating (1.16) with respect to x, we arrive at
Using Lemmas 2.1-2.2 and the Gagliardo-Nirenberg inequality and the Young inequality, we derive v tx
Differentiating (1.15) with respect to x twice, using Lemmas 2.1-2.2 and the Gagliardo-Nirenberg inequality and the Young inequality, we have v txx 
Using Lemmas 2.1-2.2 and the Gagliardo-Nirenberg inequality and the Young inequality, we have
Differentiating (1.18) with respect to x twice, using Lemmas 2.1-2.2 and the Gagliardo-Nirenberg inequality and the Young inequality, we have
By virtue of the boundary condition (1.20) and the Poincaré inequality, we get
Differentiating (1.15) with respect to t, we arrive at
Using Lemmas 2.1-2.2 and the Gagliardo-Nirenberg inequality and the Young inequality, we infer u tt 
(2.44)
Choosing ε > 0 small enough, integrating with respect to t, using (2.39), we have 
Using Lemmas 2.1-2.2 and a proper embedding theorem, we get 
Applying Young's inequality several times, we have
Thus we get
Using Lemmas 2.1-2.2 again, we have
Similarly, we get
Using Lemmas 2.1-2.2 and a proper embedding theorem, we deduce
(2.80)
Integrating (2.77) with respect to t, using (2.79) and (2.80), taking ε ∈ (0, 1) small enough, we can
Differentiating (1.18) with respect to x and t, we arrive at (2.82) which, by Lemmas 2.1-2.2 and a proper embedding theorem, yields
By virtue of (2.82) and (2.83), we get θ txxx 
(2.88)
Proof. Differentiating (1.15) with respect to x and using (1.14), we get
where
Differentiating (2.89) with respect to x, we have
(2.91)
By a proper calculation, we can derive 
Taking ε ∈ (0, 1) small enough, using Lemmas 2. 
